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Abstract—Motion planning is one of the key aspects of every
robot that performs any physical task. Being able to cope with
the surrounding environment in a controlled manner is essential
in every field of robotics involving motion. Motion planning
algorithms for autonomous vehicles are becoming increasingly
relevant in the general area of robotics. Cooperative robotics
is also a very timely and challenging topic, in view of the large
spectrum of applications that can benefit from the use of multiple
robots working together to perform scientific and commercial
missions in an efficient and reliable manner. Motivated by the
current trend, this report addresses the problem of cooperative
motion planning for multiple vehicles. The work is motivated
by an application example that requires steering a group of
vehicles from desired initial to final positions with simultaneous
times of arrival. Other objectives include avoiding collisions
with external obstacles and among the vehicles themselves, while
meeting constraints imposed by the vehicle dynamics. Temporal
and energy-related objectives are also addressed. To place the
topic in perspective, the report first gives a general view of the
problem of motion planning. This is followed by the development
of a specific class of cooperative motion planning algorithms that
build upon the parametrization of Bézier curves and differentially
flat systems. Using these tools, the problem of motion planning
is cast in the form of an optimization problem that can be
solved sufficiently fast to be used in real-time applications.
The method proposed decreases significantly the complexity of
the optimization problem, making it possible to compute, for
a given cost criterion, optimal trajectories for 10 vehicles in
approximately 2 seconds.

I. INTRODUCTION

Motion planning is a key subject of utmost importance in
autonomous robotic applications. There are several fields in
which cooperative planning is crucial. As examples we cite
the WiMUST1 [1] and MORPH [2] that aimed to endow
groups of vehicles with the capability to map the seabed
and perform geotechnical surveys by acting in cooperation.
There are also very good prospects for the use of autonomous
cooperative drones in different applications such as agriculture,
security surveillance, areal mapping, fault inspection, and
unmanned light cargo transportation, in which two or more
drones must perform synchronized cooperative motions to
successfully accomplish such tasks. Drones are also being used
in cinematography to create 3D imagery autonomously [3],
[4].

Automatic warehouses have also become pervasive in the
past years, with numerous companies automating all their

1WiMUST: https://www.youtube.com/watch?v=DhihaZx-4DQ

product storage management. Amazon2 and Alibaba3 own
automatic warehouses in which there are several ground robots
that plan their trajectories based on all the other robot’s
trajectories, fetching products for delivery 24/7 in an optimized
manner, massively increasing the work flow and productivity.

One of the most prominent features of good trajectory
planning for autonomous vehicles is the capability to optimize
desired aspects related to motion, such as minimizing the time
to maneuver, and reducing energy consumption, or a compro-
mise thereof. Accomplishing these goals for multiple vehicles
means that it is possible to perform missions where energy
consumption of the whole fleet of autonomous vehicles is as
low as possible while ensuring complete cooperation between
all vehicles to complete their mission. The constraints to be
met include obstacle and inter-vehicle collision avoidance, as
well as stringent constraints imposed by the dynamics of the
vehicles.

With the development of small computers it is now possible
to have more computational power on board of these vehicles
which allows for the solution of increasingly more complex
problems fast enough to meet real-time applications.

Computing the best trajectories to be tracked by single or
multiple vehicles with a view to meeting desired operational
objectives in the presence of vehicle and environment related
constraints translates into solving an optimal control problem.
The solution of the latter is a set of trajectories embodying
the requirements or needs expressed by the end-user. General
needs consist in preventing collisions with the dynamic en-
vironment, in-between vehicles, and guaranteeing that all the
vehicles specifications such as maximum velocity, torque, etc,
are fulfilled.

Regarding optimization methodologies, the most famous
methods are direct and indirect methods [5]. Indirect meth-
ods compute analytical first-order necessary conditions for
optimality. These methods are derived using the calculus of
variations or, in a more elaborate form using Pontryagin
maximum principle, and lead to the formulation of a two-point
boundary-value problem. While direct methods transform the
original optimization problem into a finite non-linear program-
ming (NLP) problem. Direct methods are considered to be

2Amazon: https://www.youtube.com/watch?v=Ox05Bks2Q3s
3Alibaba: https://www.youtube.com/watch?v=FBl4Y55V2Z4
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more effective and numerically stable; however, they cannot
guarantee optimality of the results.

However, much simpler problems can be formulated if the
model of the vehicles is differentially flat [6].

Focusing on differentially flat approaches, the usual param-
eterizations of the trajectory consist of Bernstein polynomials,
also known as Bézier curves, or piecewise polynomials, known
as splines.

In [7], trajectories for quadrotors are defined using spline
parameterizations and its properties to reduce the number of
constraints. Then, it uses separating hyperplanes also defined
as splines to define anti-collision constraints continously. This
avoids bounding vehicles by a safety radius and instead using
other convex shapes.

In this report, an optimization program is implemented,
using MATLAB tools, where the trajectory is parameterized by
Bézier curves, admitting that the system is differentially flat,
and minimizing the energy of the trajectory. This simplifies
the problem, enhances the algorithm’s performance, and also
guarantees that no collisions happen. Moreover, two differ-
entially flat vehicle models are simulated: a unicycle and a
disk-like hovercraft serving as a proxy for the Medusa AUV.

In Section II, trajectory parameterization approaches are
presented. In Section III collision avoidance methods are
explained and compared in terms of efficacy and time com-
plexity. In Section IV, the most relevant optimization method-
ologies are compared, and the concept of differential flatness
is introduced. The problem of motion planning is cast in
the form of an equivalent optimal control problem, which is
then greatly simplified exploiting the concept of differential
flatness. In Section V, the implementation of the program is
briefly presented. The models for unicycle and hovercraft are
introduced and shown to be differentially flat, and remarks
are made on the Medusa model. In Section VI, the run time
and energy results of the developed algorithm are presented
for the hovercraft. Finally, Section VII summarizes the main
achievements of the report and discusses topics that warrant
future work.

II. TRAJECTORY PARAMETERIZATION

In order to find the best parameters that originate an optimal
trajectory, a parameterization of the trajectory is needed. In this
section, different types of parameterizations are described, and
later, anti-collision strategies are discussed.

A. Discretization

There are several ways to describe a trajectory. The most
straightforward one is to divide it into little steps. However,
for this parameterization to be close to the actual optimal
trajectory, it will most likely require a big amount of parame-
ters which lead to more complex optimization problems, thus
leading to slow algorithms.

B. Bézier curves

Bézier curves are also known as Bernstein polynomials.
Bernstein polynomials are defined as

P (τ) =

n∑
k=0

pkBk,n(τ), τ ∈ [0, 1], (1)

where Pk is the Bernstein polynomial, pk are the coefficients
also called control points, τ ∈ [0, 1] denotes normalized
time, and Bk,n(τ), k ∈ {0, ... , n} are the Bernstein basis
polynomials of degree n

Bk,n(τ) =

(
n

k

)
(1− τ)n−kτk, (2)

where
(
n
k

)
is a binomial coefficient. Using t = τT , the time-

scaled version of (1) can be written as

P (t) =

n∑
k=0

pk,nBk,n(t), t ∈ [0, T ],

where

Bk,n(t) =

(
n

k

)
tk(T − t)n−k

Tn
.

Property 1: Initial and final points
The initial and final values of a Bernstein polynomial are

equal to the first and last coefficient, respectively. Thus, for a
polynomial of order n

P (0) = p0,

P (1) = pn.

Property 2: Convex hull
A Bernstein polynomial is completely confined inside the

convex hull defined by its coefficients.
Property 3: Derivative and integral
The derivative and integral of a Bézier curve are easily

computed as

Ṗ (t) =
n

T

n−1∑
k=0

(pk+1,n − pk,n)Bk,n−1(t),

∫ T

0

P (t)dt =
T

n+ 1

n∑
k=0

pk,n.

Also, as a consequence of property 1, the tangents in the
initial and final points are given by p1 − p0 and pn − pn−1,
respectively.

III. COLLISION AVOIDANCE

Collision avoidance is one of the most important aspects one
must guarantee in the optimization problem. In this section,
two methods are explained and compared. Further, we discuss
how to make the best use of Bézier curves to ensure anti-
collision trajectories.
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A. Minimum distance between samples

The fastest and most straightforward way to avoid collisions
is to sample the trajectory with a sufficiently fine discretization
and then measure the Euclidean norm between each of the
samples of a pair of trajectories. However, it cannot be guaran-
teed that collisions will never occur between time samples, or
that a minimum distance is always respected. This is less likely
to happen when the sampling is increasingly finer, but doing
so will lead to increasingly slower computations of the optimal
solution. The resulting trajectories in 2D space are shown in
Figure 1 for a simple optimization problem of a simultaneous
arrival problem, regarding two vehicles with initial and final
conditions, bounded by a security radius and parameterized by
Bézier curves. The vehicles are modelled as unicycles and the
cost function is the total energy consumption. The vehicles’
initial points are the control points in the bottom and their
final positions are the upper points. There are no additional
constraints being considered at this point.

traj.
1

traj.
2

coef.
1

coef.
2

minimum dist.

security radius

Fig. 1. Optimal trajectories for two vehicles using discretized constraints.

It can be seen in Figure 1 that the vehicles collide, even
though the solver signals this as a feasible solution. For that
reason, other algorithms must be considered.

B. Minimum distance between two Bézier Curves

The minimum distance between two curves algorithm im-
plemented in this report is based on the algorithm presented
in [8]. Computing the minimum distance between the two tra-
jectories, using this algorithm, allows to assess if the vehicles
collide with absolute certainty, since it does not discretize the
trajectory but instead uses properties of the Bézier curves in a
way that does not overlook what happens between samples. It
takes advantage of properties 1 and 2 of Bézier curves (Section
II-B) and de Casteljau’s algorithm [9] to recursively break the
curve down to the pieces that are closest in time or in space
to the other curve being evaluated. In order to do this, the
above reference suggests the calculation of an upper and lower
bound for the distance between the two curves and then use
those results to divide the curve.

1) Dividing the curve: From the minimum distance combi-
nation of each curve define in τ ∈ [0, 1], it is possible to divide

the curve into two smaller halves in time, starting at τ = 0.5,
then τ = 0.25, and so on. Then, it is possible to compute
the closest half of each curve, and apply the splitting process
until the curves can be approximated by points. Splitting the
curves using de Casteljau’s algorithm gives the coefficients of
the new curves. This allows to create a repeatable process of
shortening infinitely a Bézier curve by means of another Bézier
curve. Space and time deconfliction anti-collison strategies are
decided by which combination of divided curves are chosen
for evaluation. To perform space deconfliction, the algorithm
must consider all curves of the two previously divided curves.
To perform time deconfliction, the algorithm only needs to
consider the curve segments that belong to the same time
window, i.e., the same half with respect to time. Therefore,
using this method, time deconfliction is easier to compute than
space deconfliction.

2) Lower bound: The lower bound of the distance between
the convex hulls of the two curves is calculated using the
so-called GJK algorithm, which computes the minimum Eu-
clidean distance between the convex hulls of the two curves.
For a description of the GJK algorithm, the reader is referred
to [10].

3) Upper bound: From Property 1, it is possible to take
one of the initial or final points from each curve and compute
distance between these points, which will always be greater
or equal to the lower bound. For space deconfliction, the
upper bound corresponds to the highest difference between
the all the initial and final point combinations, but in time
deconfliction, the distance is measured as the highest of the
one between the initial points or the final points. As the curve
segment gets shorter, the upper bound tends to the lower
bound. A tolerance is used to define how close they can be,
thus balancing two wishes: a fast computation versus an exact
distance. The result of the algorithm will always be the upper
bound of the distance between the convex hull of the two
curves, thus, it will also correspond to an upper bound of the
true distance. This means that this algorithm is always safe to
use when assessing collisions, since it always presents either
true or false reports of collisions, and never false reports of
no collisions.

The biggest advantage of the “minimum distance between
two Bézier curves” algorithm is the capacity to assess with
certainty that no collisions will happen, although if the tol-
erance is too high, it can report false collisions. However,
this algorithm is too slow to be used in every iteration of
the optimization process when in high dimension problems.

Moreover, since this algorithm can only measure Euclidean
distances, it can only provide a radius of security. That can
be a problem in case the vehicles are long. For example, if a
long vehicle, was to be modeled as a circle, there would be a
significant amount of unnecessary transverse space covered by
the circle. This approach is, to a certain extent, conservative
since it will provide trajectories that are not optimal. One
way to reduce the conservatism of bounding the vehicles by a
circle would be to use other convex shapes such as rectangles
to bound the vehicle, and using the so-called separating
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hyperplane method [11], at the expense of more optimization
variables. However, this is not a major issue in this case, so
separating hyperplane method will not be used to obtain the
final results. The adopted approach uses discretization and a
tolerance to get a candidate result, and then validates that result
using “minimum distance between Bézier curves” algorithm.

IV. OPTIMIZATION METHODOLOGIES

The motion planning problem that we consider in this
report aims to perform a go-to-formation maneuver with
simultaneous time of arrival respecting initial and final value
constraints, bound constraints, dynamic feasibility and no-
collisions using time deconfliction, for multiple vehicles. This
has to be ensured in an optimal way with respect to energy
consumption of the whole fleet. Mathematically, this problem
can be formulated as a constrained optimal control problem
of the form

minimize
x(v)(.),u(v)(.)

∫ T

0

Nv∑
v=1

Lv(x(v)(t), u(v)(t))dt+

+

Nv∑
v=1

Ψv(x(T ))

subject to x(v)(0) = x
(v)
0 ,

x(v)(T ) = x
(v)
f ,

ẋ(v)(t) = f(x(v)(t), u(v)(t)),

x(v) ≤ x(v)(t) ≤ x̄(v),

u(v) ≤ u(v)(t) ≤ ū(v),

ccol(x
(v1), x(v2), u(v1), u(v2)) ≤ 0,

(3)

in which T is the final time of the trajectory, x0 is the initial
state, xf a final state, ẋ(v)(t) are the system dynamics, ccol
are the inter-vehicle collision constraints, the lower and upper
bars represent the bounds in the state x, input u, t ∈ [0, T ],
v = 1, ... , Nv , v1 = 1, ... , Nv , v2 = 1, ... , Nv and v1 6= v2.

A. Methodologies

There are several different optimization methodologies that
are suitable for solving motion planning problems. Because of
the complexity of the majority of applications, optimal control
problems (OCPs) are usually solved using numerical methods.

Indirect optimization methods solve trajectory optimization
problems in three steps: Firstly, an analytical definition of nec-
essary and sufficient conditions for optimality is constructed;
secondly, these conditions are discretized, which turns the
problem into a constrained parameter optimization problem;
and finally, the optimization problem is solved. The major
draw back in indirect methods is the need for finding analytical
necessary and sufficient conditions for optimality which can
be very complex.

Direct optimization methods usually do not require an
analytical analysis of the problem, which makes them the most
widely used methods for general optimization problems. For a
full discussion on the different numerical methods for OCPs,
the reader is referred to [12].

Polynomial methods transform the OCP problem into an
equivalent simpler optimization problem by means of differ-
ential flatness properties [6].

B. Polynomial methods

Motion planning can also be done by trying to find the
best polynomial that approximates the optimal trajectory and
satisfies all the specified constraints, which translates into
computing its coefficients. The main advantage of this method
is that the dimension of the search space is usually much
smaller than that of the search space associated with trying
to find every sample of the control input that leads to an ap-
proximation of the optimal trajectory. However, if the problem
solved using only coefficients as optimization variables, there
is the requirement that the system be differentially flat (Section
IV-C).

The type of problems generated by polynomial-based meth-
ods are generally semi-infinite, since the optimization is con-
stituted by a finite number of optimization variables and an
infinite number of constraints since they are defined continu-
ously. An elegant way to solve this problem is to use Bézier
curves which arise from Bernstein polynomials and have the
nice geometric properties described in Section II-B and in [13].

Defining x and y as the flat outputs that correspond to the
position of the vehicle in IR2, each trajectory is described as

P (τ) =

[
x(τ)
y(τ)

]
=

n∑
k=0

pkBk,n(τ). (4)

For simple polynomials Bk,n(τ) = τk (monomial basis)
whereas in the case of Bézier curves, Bk,n has the form of a
Bernstein polynomial and, is given as (2).

C. Differential flatness

A nonlinear system of the form

ẋ(t) = f(x(t), u(t)), x(t) ∈ IRn,

is said to be differentially flat [6], or simply flat if there
exists a set of variables y = (y1, ... , ym) called the flat output,
such that

• the components of y are not differentially related over IR
[14];

• every system variable, state or input, may be expressed
as a function of the components of y and a finite number
of their time-derivatives;

• conversely, every component of y may be expressed as a
function of the system variables and of a finite number
of their time-derivatives.

Many realistic nonlinear models share this flatness property.
Aside from all linear controllable systems, many nonlinear
systems are differentially flat. The flat output has, in general,
a clear physical interpretation and captures the fundamental
properties of a given system and its determination allows to
considerably simplify the control design.

This implies that there is a fictitious flat output that can
explicitly express all states and inputs in terms of the flat
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output and a finite number of derivatives [15]. Therefore,
the dynamic constraints can all be expressed in terms of the
polynomial trajectories, i.e., the polynomial coefficients of
the trajectory are enough to describe the whole optimization
problem.

D. Problem formulation using polynomial methods

Considering a system governed by

ẋ = f(x, u), x(0) = x0,

where x(t) ∈ IRNx is the state vector, u ∈ IRNu , Nx is the
number of coefficients in x, Nu is the number of coefficients
in u. Assume the goal of the optimization problem where the
goal is to steer the system from an initial state x0 at t = 0 to
the final state xT at t = T .

The cost function used in this report was the energy of
two differentially flat models: the unicycle model and the
hovercraft model. As it will be seen in Section V-A and
Section V-B, finding a closed-form solution that depends on
the control points of the trajectory is very hard. It actually
leads to significantly complex expressions, that are slower to
solve by substituting the values in the expressions, than using
numerical methods to approximate the cost function. For that
reason, the cost function of (3) remains unchanged; however,
being a differentially flat system, it is possible to compute the
cost function using only the control points for the position.
Therefore, the cost function is described by∫ T

0

Nv∑
v=1

Lv(x(v)(t), u(v)(t))dt+

Nv∑
v=1

Ψv(x(T )).

It is important to note that in simpler problems, it is possible
to find closed-form solutions for the running cost of (3).

At the same time, the control law must obey state and input
constraints given by

h(x(t), u(t)) ≥ 0, ∀t ∈ [0, T ],

where h : IRNx × IRNu → IRNh is the the constraint function.
Assuming the system is differentially flat, this means the flat
output y ∈ IRnu is of the form

y = φ(x, u, u(1), ... , u(q)),

and the states and inputs are described by

x = ψx(y, y(1), ... , y(r−1)),

u = ψu(y, y(1), ... , y(r)),

for some q, r. Differential flatness is particularly interesting
when applied to optimal control problems such as (3), since it
avoids complicated computations of integrals and derivatives
which are often a mathematical and computational challenging
step.

Admitting that the system is differentially flat, the optimiza-
tion problem to be solved becomes

minimize
y(v)(.)

∫ T

0

Nv∑
v=1

Lv(x(v)(t), u(v)(t))dt+

+

Nv∑
v=1

Ψv(x(T ))

subject to y(v)(0) = y
(v)
0 ,

y(v)(T ) = y
(v)
f ,

h(x(v)(t), u(v)(t)) ≥ 0,

(5)

where t ∈ [0, T ], v = 1, ... , Nv , and h(x(t), u(t)) composed
by

ccol(x
(v), u(v)) ≥ 0,

x[v] ≤ x(v)(t) ≤ x̄(v),

u[v] ≤ u(v)(t) ≤ ū(v).

In conclusion, the flatness property greatly simplifies the
optimization problem. There is no need for integrating the
system dynamics in order to compute the states and dynamic
constraints, since they are directly computed from the position.
Differential flatness is one of the key elements in order to
achieve fast computations in the algorithm that was developed
in the context of this report.

V. IMPLEMENTATION

In this section, we describe the method used to obtain
a cost function that accounts for the energy consumption
of a trajectory with regard to a certain vehicle model. The
goal is to explore the differential flatness property to fully
describe the state and inputs of the system, using solely the
position vector and its time derivatives, and then use the Bézier
control points as the new optimization variables. It will also
be shown how the initialization of the algorithm is done and
how the control points are manipulated in order to fulfill
initial and final conditions while decreasing the number of
optimization variables. Moreover, a linear constraint strategy
is presented that guarantees that the position and the linear
physical variables — velocity and acceleration — always stay
well inside their bounds.

Calculating the true energy of the vehicle, such as a Medusa
vehicle, is an extremely complex problem that can lead to
very slow computations of the optimal solution [16], therefore,
there is the need to formulate an expression that is sufficiently
accurate to generate good trajectories but also simple enough
to achieve fast computations. The approximation of the energy
that was chosen as cost function is given by

E =

∫ T

0

|F (t) · v(t)|+ |To(t) · ω(t)| dt, (6)

where F (t) represents the linear force, v(t) the linear veloc-
ity, To(t) the torque and ω(t) the rotational velocity. This
expression accounts for the energy spent in translational and
rotational movement, and corresponds to the kinetic energy
spent in the trajectory with respect to the vehicle model.
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A. Unicycle model

The unicycle model can be written asẋẏ
ψ̇

 =

cosψ − sinψ 0
sinψ cosψ 0

0 0 1

u0
r

 . (7)

Assuming that x(t) and y(t) are Bézier curves, we would
like the optimization variables to be the coefficients of x and
y which are given by,

x(t) =

n∑
k=0

cx,kBk,n(t),

y(t) =

n∑
k=0

cy,kBk,n(t),

with t ∈ [0, T ].
Using the differentiation rule (3) the velocity depends on

the coefficients as

ẋ(t) =
n

T

n−1∑
k=0

(cx,k+1 − cx,k)Bk,n−1(t),

ẏ(t) =
n

T

n−1∑
k=0

(cy,k+1 − cy,k)Bk,n−1(t).

Using again the differentiation rule

ẍ(t) =
n(n− 1)

T 2

n−2∑
k=0

(cx,k+2 − 2cx,k+1 + cx,k)Bk,n−2(t),

ÿ(t) =
n(n− 1)

T 2

n−2∑
k=0

(cy,k+2 − 2cy,k+1 + cy,k)Bk,n−2(t).

The yaw angle ψ can be written as

ψ = arctan

(
ẏ

ẋ

)
,

which means the rotational velocity of the body is given by

r =
ẋÿ − ẍẏ
ẋ2 + ẏ2

.

The force in u, denoted by τ1, and torque τ3 can also be
recovered from the position and its derivatives using

τ1 = m(r(−ẋ sinψ + ẏ cosψ) + ẍ cosψ + ÿ sinψ),

τ̇3 = Iz
ẋy(3) − x(3)ẏ − 2(ẋẍ+ ẏÿ)r

ẋ2 + ẏ2
.

So, it is possible to fully characterize this model using
the control points as input and since the inputs are not
differentially related over IR, the system is differentially flat.

B. Hovercraft model

The hovercraft model is studied since it is the closest
differentially flat model to the Medusa vehicle. The hovercraft
model that will be adopted is described in [17] where its
differential flatness is proved, which means the problem can
be solved using polynomial methods (see Section IV-B). The
Medusa and the hovercraft are supposed to move in an
horizontal plane.

Firstly, to explain the hovercraft some definitions should be
established:

• The vector v = [u, v, r] denotes linear velocities in surge,
sway and angular velocity in yaw (about the z-axis in the
body frame);

• The vector η = [x, y, ψ] denotes the position and orien-
tation in earth fixed axis about the z-axis of the world
frame;

• The vector τ = [τ1, τ2, τ3] denotes the control forces in
surge and sway and also the control torque in yaw;

• The diagonal matrix M = diag{m11,m22,m33} repre-
sents the constant inertia matrix in each component of
the body axis;

• The diagonal matrix D = diag{d11, d22, d33} represents
the constant hydrodynamic damping coefficients matrix
in each component of the body axis;

• The matrix C(v) is the Coriolis matrix and centripetal
forces, given by

C(v) =

 0 0 −m22v
0 0 m11u

m22v −m11u 0

 ;

• The matrix J(η) is the rotation matrix over yaw angle
ψ about the z-axis of the world frame for the linear
velocities in both frames

In [18], the following model for a general surface vessel
dynamics is proposed{

Mv̇ + C(v)v +Dv = τ

η̇ = J(η)v
. (8)

The hovercraft model used in [19], considers an hovercraft
as a ship in a shape of a disk and propellers located at the
center of mass.

This simplification enforces the following assumptions

m11 = m22, τ1 = m11τu, τ2 = 0, τ3 = m33τr,

d11 = d33 = 0, β =
d22
m22

.
(9)

The first simplification m11 = m22 comes from the fact
that the vessel is symmetric, thus, the mass with respect
to x and y axis is the same. This simplification is what
makes this hovercraft model differentially flat. The fact that
τ2 is zero shows that the hovercraft is underactuated. This is
also the case of Medusa. There is also an assumption that
the hydrodynamics d11 and d33 are both zero, which further
simplifies the calculations but does not affect the differential
flatness property. If these coefficients were indeed present, they
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could be readily compensated by partial state feedback through
the input forces τ1 and τ3.

With these considerations, the following kinematics model
is obtained ẋẏ

ψ̇

 =

cosψ − sinψ 0
sinψ cosψ 0

0 0 1

uv
r

 . (10)

It is possible to eliminate the ψ from the equations (8),by
performing the coordinate transformation proposed in [20]
which results in the following dynamics model

u̇ =
m22

m11
vr − d11

m11
u+

τ1
m11

,

v̇ = −m11

m22
ur − d22

m22
v,

ṙ =
m11 −m22

m33
uv − d33

m33
r +

τ3
m33

,

(11)

which can be simplified by substituting the assumptions ex-
plicit in (9). The following expressions are derived in [17],
and prove that the system is differentially flat:

Υx = ẍ+ βẋ, Υy = ÿ + βẏ,

ψ = arctan
(

Υy

Υx

)
,

u =
ẋΥx + ẏΥy√

Υ2
x + Υ2

y

, v =
ẏẍ− ẋÿ√
Υ2

x + Υ2
y

,

r =
y(3)Υx − x(3)Υy − β2(ẍẏ − ÿẋ)

Υ2
x + Υ2

y

,

τu =
ẍΥx + ÿΥy√

Υ2
x + Υ2

y

,

τr =

y(4)Υx − x(4)Υy + β(y(3)ẍ− x(3)ÿ)− β2(ẏx(3) − ẋy(3))
Υ2

x + Υ2
y

−

− 2
[Υx(x(3) + βẍ) + Υy(y(3) + βÿ)]r

Υ2
x + Υ2

y

,

where the typo in the expression for r provided in [17] is
corrected.

C. Medusa model

The Medusa model can be seen as the generalized under-
actuated ship with no side thrust propulsion. The kinematic
model is given by (10) and the dynamics by (11). In the
Medusa vehicle, m11 = 5 kg and m22 = 33.325 kg. The fact
that these masses are different, cause the proof of differential
flatness to be extremely complex. No closed-form solutions
were found during calculations to try to isolate the states
and input. This does not mean directly that the system is
not differentially flat. In order to prove the system is not
differential flat, one would have to prove that static feedback
linearization is not possible under any diffeomorphism for
the control input, which is beyond the scope of the report.

For more details on how to prove non-flatness for multi-input
systems the reader is referred to [6].

However, several sources indicate that the generalized un-
deractuated ship with no side thrust model is not differentially
flat [17], [21]. For that reason, optimization problems for
Medusa model cannot be solved using polynomial methods.
The main difficulty lies in the calculation of the heading
angle. Since differential flatness requires that all states and
inputs can be expressed as functions of the flat output and
its derivatives, most underactuated systems are indeed not
differentially flat since they usually involve more complex
relations in the model.

D. Initialization

One very important part of every optimization problem,
especially the non-convex ones, is the initialization. We want
to guarantee the solver starts iterating as close as possible to
the desired solution. Doing the right initialization can dictate,
in non-convex optimization, if the solver is able to find the
global minimum or gets stuck in a local minimum.

1) Hungarian assignment: The Hungarian assignment (or
Munkres’ assignment algorithm [22]) is a fast optimization
algorithm which finds the best assignment possible for a
certain number of identities, provided that these identities do
not have the same assignment. This is helpful in the case
where there are defined final positions, but it does not matter
which of the final positions each vehicle ends up in. This
is called the unlabeled case, whereas in the labeled case the
robots have a fixed goal assignment [23]. By choosing the cost
function of the Hungarian assignment as the minimum distance
between initial and final positions, the probability of collision
decreases, especially in the go-to-maneuver case which is most
likely to appear in real situations: starting in approximately
the same horizontal line and ending up in the same horizontal
line as well. To implement the Hungarian assignment, first one
needs to define a cost matrix in which the rows correspond to
each vehicle and the columns to each assignment. The numbers
in the cost matrix will be the distances of the initial positions
of each vehicle to each possible final position. Inputting the
cost matrix in this particular form, the nearest final positions
will be readily assigned after running this linear optimization
algorithm. For a clear step-by-step explanation, the reader is
referred to [22].

2) Fixed coefficients: Initial and final constraints: Admit-
ting constraints in initial and final position, velocity and ac-
celeration or orientation, this means that the first 4 coefficients
and the last 4 coefficients of the Bézier curve that parameter-
izes the trajectory are completely defined for the hovercraft
model and the first and last 3 coefficients are completely
defined for the unicycle model. Obtaining these coefficients
can be done by manipulating the models’ equations.

There are cases where the chosen x derivative leads to un-
feasible fixed coefficients. After every coefficient is completed,
in case of non feasibility, the algorithm tries to find the closest
points, by iteratively making small changes to the coefficients,
until they fulfill every condition. There are also several checks
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made on the inputs that detect beforehand if the problem is
physically possible, solely using the input data.

E. Bounds

It is possible to restrict the values of the coefficients of
position, linear velocity and linear acceleration by using the
convex hull property. Another great advantage of this method
is that the constraints are linear, which permits to add these
bounds without losing computational speed. Moreover, the
constraints are guaranteed to always be satisfied between
samples. However, the feasibility area is restricted which can
prevent the program from finding the optimal solution or not
being able to find any solution at all. Besides this fact, in most
practical cases under consideration, the vehicle is prevented to
reach near its maximum capabilities.

Since in the unicycle model and in the hovercraft model,
the angular velocity and acceleration are not Bézier curves or
cannot be put in rational Bézier form, the constraints have to
be done using sampling and are nonlinear. Several numerical
issues had to be dealt with, especially numerical issues regard-
ing these expressions in case of very small denominators. This
can prevent the problem from ever finding a solution, or even
converge to a poorly planned trajectory, that when using finer
sampling times is discovered to be unfeasible. In the program,
a finer sampling time was used for the nonlinear constraints
of the angular-related bounds.

F. Inputs

The inputs needed to run the program are: the time horizon
T , the sampling period Ts, the order of the Bernstein poly-
nomial n, the radius of the circumference that surrounds the
vehicle, the maximum and minimum values that the vehicle
can endure for position, linear velocity, angular velocity, linear
acceleration and angular acceleration, as well as initial and
final desired values for position, heading angle linear velocity
and angular velocity. Moreover, physical constants are needed
such as the vehicle’s mass, moment of inertia around the z-axis
and drag term and finally, optimization related constants such
as tolerances of the radius, maximum number of iterations and
minimum step size, and also a well defined, differentially flat,
vehicle model.

G. MATLAB

We chose to implement the motion planning optimization
software algorithm in MATLAB, using its Optimization Tool-
box because of the significant amount of MATLAB users,
and because it is already a built-in library of MATLAB that
does not require any form of extra license payment. This is
also an important fact because the algorithm is supposed to
serve as a basis for other implementations, which is the one
main objectives of this work. The use of MATLAB’s built-in
Optimization Toolbox was motivated by the results shown in
[24], where a motion planning problem for 1000 vehicles in 3D
was solved in 20 minutes. The simulation used minimal time
of arrival of each vehicle to its designated destination, also
subject to bounds on acceleration and velocity, with the added

constraint of minimal temporal deconfliction between agents.
The method used Hungarian assignment for the final positions.
These results were obtained for a much simpler problem than
the one being addressed here, for which the planning problem
is nonlinear, the cost function includes the vehicles’ total
energy spent and nonlinear, angular-related constraints, and
anti-collision constraints.

Nevertheless, the above paper showed that MATLAB’s
optimization tool is not only highly flexible in terms of
implementation, but can also be sufficiently fast for such
applications.

VI. RESULTS

In this section, the results for the developed motion planning
implementation are shown for the hovercraft model. This
algorithm optimizes Bézier control points for trajectories of
Nv vehicles and No obstacles, using MATLAB’s built-in
function fmincon. The experiments will consider randomly
generated initial and final conditions.

The results were obtained using a MacBook Air, early 2014,
Intel Core i7, dual-core, with Turbo Boost until 3,3 GHz.

For the hovercraft results, the feasible area is similar to the
one next to Oceanário de Lisboa, where ISR marine vehicles
are usually tested. The random initial and final conditions
are generated such that in the beginning the y coordinate
is around 20 ± 15 [m] and in the end it is exactly at 200
[m]. For the x coordinate, the values are randomly assigned
inside the position bounds such that the vehicles are close
to each other, and the probability of collision increases. The
initial orientation is randomly set using normal distribution
around 90◦and the final orientation is set to be 90◦. All these
parameters are very easily changeable in the program.

Following approximately the Medusa specifications, the
maximum linear velocity is 1.5 m/s, the maximum force
is 30 N , the maximum angular velocity is 0.375 rad/s, the
maximum torque is 23 Nm, the radius that bounds the vehicle
is 0.5175 m and the mass is 30 kg.

To test how the algorithm reacts when having a small
feasibility region, lets consider T = 400 s and the presence
of two obstacles, one that is moving and other that is static.
In this case, control points of the velocity have to be near the
maximum value for the vehicles to reach the end destination
in time and the algorithm has to adapt he trajectories to the
presence of the obstacles. Using only few coefficients will not
allow the vehicle to reach the speed it needs. In fact, the only
feasible results found were using N≥14. The simulation using
N=14 is shown in Figures 2 and 3. The algorithm took 15.09
seconds and the energy of the optimal trajectory is 40.65 Joule,
using 2 seconds of sampling time and minimum step of 0.05
Joule.

In Figure 2 it is possible to see the vehicles’ trajectories
being adapted to the presence of the obstacle and the position
bounds. In Figure 3, it can be observed that the control points
for x are on the frontier of the minimum values since the
region where the vehicle in the final left position is tight and
requires the trajectory to pass near the unfeasible region, to
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Fig. 2. Optimal trajectory for 3 hovercrafts and 2 obstacles. The vehicles’
initial and final positions are represented by the colored dots in the edges of
the trajectories. The vehicle starts in the bottom and goes up. The large dark
blue circles represent two obstacles. The one in the bottom is static and the
one in the top is moving. The time frame being depicted is at t = 232 s. The
grey area is the fixed unfeasible region.

escape the moving obstacle. Moreover, since the time horizon
is short, the velocity control points of vy are pushed to a
maximum is some cases.

Another important remark is the spike of the power of
2 vehicles. The blue and yellow lines in the power plot
correspond to the vehicles that have blue and yellow initial
and final position dots in Figure 2. In order for these vehicles
to reach the end point in time, they have to perform a trajectory
which is not oriented with the final heading angle. This causes
the algorithm to only align the vehicles in the end of their
trajectory. Since the time horizon is small, this has to be done
rapidly, causing the power spike.

The results shown above were for a labeled case where the
final positions were to be obtained by specific vehicles. In
the unlabeled case, the set of final positions does not require
to be specifically occupied by a certain vehicle. Thus, it can
be optimally chosen using Hungarian assignment described
in Section V-D1. Considering a case with T = 4000s time
horizon, the results for run time and energy are presented in
Table I. As seen in Table I, using the Hungarian assignment,
simplifies significantly the problem. The initial guess is very
close to the optimal solution, which shows how relevant it
is to successfully solve an optimization problem with a good
initialization. Collisions are difficult to happen and the time
horizon is large, which means that feasible solutions are easy
to obtain.

The algorithm only required a few iterations until it stopped.
For a very high number of vehicles, when the step becomes
0.5 J, the algorithm is practically testing the feasibility and
exiting after 2 to 5 iterations. The sampling time had to be
enlarged because of memory issues which also prevented to
take results for a higher number of vehicles.

(a) Linear Variables. The colored dots represent the control points of each
Bézier curve. The black dash lines are the bounds of the correspondent
variable.
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(b) Angular Variables.
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Fig. 3. Time evolution of all the physical variables for each hovercraft.

TABLE I
RUN TIME AND ENERGY OF THE OBTAINED TRAJECTORIES WITH

HUNGARIAN ASSIGNMENT WITH T = 4000 s.

Nv Run time [s] Energy [J] N Ts [s] Minimum step [J]

1 0.495865 0.17106 10 100 0.005
2 1.026360 0.17561 10 100 0.05
3 1.802638 0.39227 10 100 0.05
4 1.144785 0.76124 10 100 0.05
5 1.456218 0.94336 10 100 0.05

10 1.987222 1.8252 10 100 0.05
50 8.870660 9.2109 10 100 0.5
100 36.610692 18.572 10 200 0.5
150 119.374765 27.639 10 300 0.5
200 230.095500 36.8654 10 400 0.5
300 826.611416 55.3213 10 400 0.5
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VII. CONCLUSION

In this work, a fast optimal motion planning algorithm was
designed for two AUV models: the unicycle and the hovercraft.
The requirements to describe the optimal control problem,
and formulate it into an equivalent optimization problem by
means of differentially flat systems were presented. It was also
presented an energy-related cost function for two differentially
flat vehicle models which leads to fast computations of optimal
trajectories, even satisfying a significant amount of nonlinear
constraints that arise from the inter-vehicle constraints and
bounds for the angular velocity and torque. Results also show
that the algorithm can handle optimization problems with
a significant number of vehicles. Moreover, a brief study
that gathers and compares the main methods used in motion
planning optimization is presented. First, an innovative way
to parameterize a trajectory is shown, by using Bézier curves
to approximate the optimal trajectory. This method has very
good properties for motion planning that, together with the
differential flatness property greatly simplify the optimization
problem. Furthermore, using Bézier curves ensures that no
two vehicle collide, which is not the case when using the
usual discretized parameterization methods for which inter-
sample collision avoidance is not guaranteed. In the future,
the algorithm can be easily adapted to a receding horizon
implementation, widening the range of application to systems
that are not necessarily differentially flat. For example, consid-
ering the Medusa vehicle, the hovercraft model could be used
as an approximation and then tracking controllers could be
used to track the generated trajectories and compensate for the
differences in the model dynamics. This algorithm, not only
solves the problem for the go-to-formation maneuver, to start
cooperative missions, but also allows to add other objectives
such active navigation localization. The tool developed to plan
optimal trajectories can now be explored to conduct further
research.

VIII. FUTURE WORK

To optimize trajectories for vehicles modelled by non-
differentially flat systems such as the Medusa, an interesting
approach would be to use BB-form splines together with direct
collocation method. Then, one could validate the result by
applying a similar algorithm to the one described in Section
III-B, by finding the closest spline segment, and applying the
“minimum distance between two Bézier curves algorithm”.
Furthermore, splines could reduce the conservatism in the
bounds of the physical variables, allowing more feasible space
for the algorithm, using the same number of optimization
variables.

Additionally, the tests performed with the implementation
of the proposed algorithm provide good indication that it is
sufficiently fast to be used in real-time applications. This al-
gorithm could be also adapted to run in receding horizon form
and directly applied to control vehicles with a differentially flat
model, such as drones and most ground robots. Accounting for
spiral currents or winds would also be interesting features to
consider and explore.
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[21] H. Sira-Ramı́rez and C. A. Ibáñez, “The control of the hovercraft system:
a flatness based approach,” in Proceedings of the 2000. IEEE Inter-
national Conference on Control Applications. Conference Proceedings
(Cat. No. 00CH37162). IEEE, 2000, pp. 692–697.

[22] J. Munkres, “Algorithms for the assignment and transportation prob-
lems,” Journal of the society for industrial and applied mathematics,
vol. 5, no. 1, pp. 32–38, 1957.

[23] W. Hönig, J. A. Preiss, T. S. Kumar, G. S. Sukhatme, and N. Ayanian,
“Trajectory planning for quadrotor swarms,” IEEE Transactions on
Robotics, vol. 34, no. 4, pp. 856–869, 2018.

[24] C. W. N. H. A. M. P. Venanzio Cichella, Isaac Kaminer, “Optimal multi-
vehicle motion planning using bernstein approximants,” 2018.

10


	Introduction
	Trajectory parameterization
	Discretization
	Bézier curves

	Collision avoidance
	Minimum distance between samples
	Minimum distance between two Bézier Curves
	Dividing the curve
	Lower bound
	Upper bound


	Optimization Methodologies
	Methodologies
	Polynomial methods
	Differential flatness
	Problem formulation using polynomial methods

	Implementation
	Unicycle model
	Hovercraft model
	Medusa model
	Initialization
	Hungarian assignment
	Fixed coefficients: Initial and final constraints

	Bounds
	Inputs
	MATLAB

	Results
	Conclusion
	Future work
	References

